Without 'positive definiteness' demanded in the present papers, the forward and reverse inequalities for Hadamard products of any number of invertible Hermitian matrices are obtained, and the sufficient and necessary conditions for the equations in these inequalities are given. As Hermitian positive matrices naturally satisfy the added constraints, these results generalize and improve the corresponding results in the present papers. Beyond that, with no demand of 'positive definiteness' , these forward and backward inequalities are not determined mutually any longer.
Introduction
Throughout the paper, we assume C m×n is the set of m × n complex matrices, I is a identity matrix, E ii is a diagonal matrix with  at its (i, i)th position and  elsewhere, and Z n = [E  , E  , . . . , E nn ] * ∈ C n  ×n is a selection matrix. A * stands for the conjugate transpose of Recall that if every diagonal element of R ∈ H +  (n) is , then R is said to be a correlation matrix, in symbol R ∈ CH +  (n) (see [] ). The invertible matrix A ∈ H +  (n) implies A ∈ H + (n), thus the set of invertible matrices CH + (n) ⊂ H + (n). 
In , Ando [] obtained the following.
When k = , the inequality (.) implies (.). Ando also made clear, by applying the method of Proposition ., that one has the following.
In , Zhang showed the following.
As applications, (.) and (.) were also given by Visick in  (see [, Theorem ] 
Then the inequality (.) does not hold anymore, this is because
Example . indicates that, in general, the matrix inequality (.) does not hold for all invertible Hermitian matrices. Hence we will add some constraint conditions in our discussion.
In this paper, without the 'positive definiteness' demanded in the inequality (.), we 
that is, 
that is,
, and E ii ∈ H(n), by (.) and (.), we see When
Lemma . Let A ∈ H(n) and A(α ) be both invertible. Then both of A/α and A - (α) are invertible as well, and (
Proof By assumption, there exists a permutation matrix U such that
Since both of A and A(α ) are invertible, by (.), one has a matrix V =
thus A/α is invertible. By (.),
by comparing with (.), it follows that A - (α) is invertible and (A/α ) - = A - (α). 
Moreover, the equation in (.) holds if and only if A
Proof In this case, there is a permutation matrix U such that (.) holds and
By assumption, both of A - ∈ H(n) and A - (α ) are Hermitian and invertible, then by applying Lemma ., A(α) is invertible and
combining with (.), there exists W =
, that is, (.) follows. Meanwhile, the equation in (.) holds; therefore X = , it is equivalent to
For a Hermitian positive matrix A, one has A - (α ) > ; then we get [, Theorem ()]
again by Lemma ..
Lemma . Let F, G ∈ H
Proof In this case, M = such that
which indicates
Lemmas .-. will play an important role in the discussion.
Theorem . Let A ∈ H + (n), for any positive integer k (≥ ). Then
Moreover, the equation in (.) holds if and only if the one in (.) holds.
Main results
For Hermitian matrices A l (l = , , . . . , k), unless otherwise specified, we always assume 
Moreover, the equation in (.) holds if and only if
From Theorems . and ., we see the inequalities (.) and (.), (.) and (.), and the general ones (.) and (.), (.) and (.) are companied and determined by each other, hence one of the companion inequalities could be obtained from the other one immediately. However, the following example indicates that the matrix inequality (.) is no longer equivalent to its backward inequality, without 'positive definiteness' . 
. , k) be invertible, and α(k) be as in (.) and (.), if C is invertible and (C
- ( k l= ⊗A l )C - )(α (k)) > , then k t= (A - t • ( l =t •A l )) +  ≤t<s≤k (( l =t,s •A l ) • I) ∈ H(n)
is invertible as well and
Moreover, the equation in (.) holds if and only if
is also invertible. As
in view of (.), (.), and Lemma . we find that
is invertible. Then combining with (.), (.), and Lemma ., it follows that
where 
is also invertible and 
